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Fig. 4 Heat conductivity, directly measured and theo-
retical values; AM: Amdur, Mason,9 CM: Collings,

Menard,2 M: Matula,4 BD: Bunting, Devoto.6

wall had been obtained for several times after the reflection of
the shock. The results of this evaluation are given in Fig. 3
which shows the temperature boundary layer at the end wall
for four different times, i.e., ti = 60 jus, t2 = 120 JLCS, Z3 = 180
jus, and U = 300 jus after the reflection of the shock; x repre-
sents the distance from the wall measured on the film.

From these temperature profiles the derivatives with respect
to space and time are calculated. For this purpose the curves
in Fig. 3 are approximated by polynomials which are adapted
to the curves by a procedure involving an integration step in
order to get smooth functions for differentiation. Using these
functions the thermal conductivity X is calculated from Eqs.
(5-9) for several distances x from the end wall, representing
simultaneously several slightly different temperatures. Re-
sults of this procedure for a series of experiments are given in
Fig. 4 together with results obtained by former authors using
the potential law X ~ T* with different values of or.

An estimate shows that the maximum error is of the order of
±20%. The main part of this error is due to the differentia-
tion procedure involved in the numerical evaluation. The
scattering of the experimental results has the same range as
found with the potential law results mentioned. Therefore,
in this way no decision can be made to support one of the
cited measurements. The main aim of this Note is to present
a new method to measure directly the thermal conductivity
of gases. The first preliminary experimental results show
that this method provides an accuracy at least comparable
with the indirect measurements.
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Earth Escape Regions near the Moon

J. PIKE*
Royal Aircraft Establishment, Bedford, England

SPACECRAFT powered by micro thrust may find it con-
venient to escape Earth by use of the moon's attraction.

A method of achieving this which has previously been con-
sidered1 is to orbit the spacecraft round the Earth in a direc-
tion contrary to that of the moon. A near miss of the moon is
then just sufficient to attain escape velocity. A disadvantage
of the contra-rotating orbit is that the Earth's axial spin
makes it more difficult to place a spacecraft in its initial
"near Earth" orbit.

Fig. 1 Spacecraft orbit about moon.
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Initial orbits in planes which are skew to the moon's orbital
plane, are more easily achieved. Expansion of these by
microthrust tends to result in a nearly circular orbit at moon
radius,2 with the magnitude of the spacecraft's velocity close
to that of the moon's. On passing behind the moon, the
spacecraft can use the moon's attraction to increase its ve-
locity, often to values well beyond Earth escape velocity.

Figure 1 shows the moon and spacecraft orbit, viewed along
the Earth-moon line. It is assumed that while the space-
craft is in the vicinity of the moon, the Earth's attraction
will act similarly on their respective motions and can be
neglected for their relative motion. The initial velocity of the
spacecraft relative to the moon (Vi) is given by the space-
craft's velocity relative to Earth (Vs) minus the moon's
velocity (W). As V8 and VM are of equal magnitude and in-
clined at an angle, shown in Fig. 1 as 27, we have

Fi =- 2FM sinT (1)
The hyperbolic orbit of the spacecraft past the moon, re-

sults in a final velocity with respect to the moon (F2), which
is equal in magnitude to Fi, but inclined to V\ at an angle
shown in Fig. 1 as 2a. The final velocity of spacecraft with
with respect to Earth (V/) is given by the resultant of V2 and
VM , that is

TV = W + F2
2 - 2FMF2 cos[(7r/2) + 2a - 7] (2)

Substituting for F2 from Eq. (1), with F2 = Fi, Eq. (2) can
be written

(F/ - = 4 sin7[sin7 + sin(2« - 7)] (3)

If suffix ( )0 refers to conditions of closest approach to the
moon, and d is the distance from Vi to the moon center, (i.e.,
the miss distance for a nonattracting moon) then conservation
of angular momentum gives

F0r0 = dVi
conservation of energy gives

Fo2 - 2/i/ro =

(4)

(5)
where ju, is the moon's gravitational constant, and the
geometrical properties of a hyperbola give

d = r0(tano: + sec a) (6)

Thus, from Eqs. (1,4, 5, and 6) a is related to 7 by

coseca = 1 + 4FM2(r0/AO sin27 (7)
Maximum F/ is seen from Eq. (3) to require

2a - y = 7T/2 (8)

corresponding to F2 being aligned with the moon's velocity.

Fig. 3 Values of d, ro, and a for the velocities achieved in
Fig. 2.

Substituting Eq. (8) into Eq. (3), gives maximum F/ as

F/max/FM = 1 sinT (9)
The Earth escape velocity at moon radius (VE) is

~ 1.44 km/sec. Hence from Eq. (9), Earth escape is possible
for 7 > 12°, that is for a spacecraft orbital plane inclined to
the moon's orbital plane at greater than 24°.

The moon miss distance can be obtained from Eqs. (7) and
(8) . For 7 > 22° it is found that r0 is less than the moon sur-
face radius (taken as 1750 km) and a collision results. To
avoid this, for 7 > 22° a is obtained from Eq. (7) with r0 equal
to 1750 km.

In Fig. 2, the maximum velocity is compared with the
Earth escape velocity; the associated values of ro, d, and a
are shown in Fig. 3. For a spacecraft orbit nearly perpendicu-
lar to that of the moon's (i.e., 7 ~ 45°), up to 1.45 times the
escape velocity can be achieved, giving a strongly hyperbolic
Earth escape orbit.

At these larger velocities the direction of Earth escape may
be important. This can be controlled by the moon approach
used. Equation (3) applies for a spacecraft at moon radius;
at other radii

(F/2 -
4 si sin2a cos</> — sin 7 cos2a) (10)

Fig. 2 Ratio of maximum velocity to escape velocity. Fig. 4 Earth escape regions, near the moon.
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where cosec<£ is the ratio of d to the difference in the moon and
spacecraft radii (see Fig. 4) .

From Eqs. (6, 7 and 10) it can be shown that contours of
constant Vf in a (d, <f>) coordinate system are circles, with
center 0* cot7/(F/2 — VM

2), 0) and radius

- TV) tan7} ~2 + {2(7r
2 - Fm

2)7w
2 sin2

7} ~l +

Examples of these circles for 7 = 20°, 40° and 90° are
shown in scale with the moon in Fig. 4. The ' 'dashed" circular
arcs intersecting the constant Vf circles, are the boundary of
the moon impact region. Thus, the regions with V / greater
than a fixed value are crescent-shaped. The shading on the
moon indicates its velocity with respect to the spacecaft. The
moon's direction is indicated by it being shaded as if it were
traveling away from the sun; and the fraction of disc shaded
gives the speed as a fraction of 2V M -

For the high velocity producing orbits, the spacecraft has to
be directed towards a small region just behind the moon with
7 ̂  40°. For 7 ~ 20° the escape region (i.e., Vf > VE) be-
comes large; in Fig. 4 it is shown to be a region of over 10,000
km in diameter.

The "head on" conditions when 7 = 90°, permits good
direction control, but the extent of the escape region is small.
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Stability of a Model Reference
Control System

D. J. G. JAMES*
Lanchester Polytechnic, Rugby, England

Introduction

IN a recent paper Lindh and Likins1 compared the so-called
infinite determinant method and a numerical implementa-

tion of Floquet theory for obtaining the regions of the param-
eter space corresponding to stability and instability of the
null solution of a restricted class of linear, periodic coefficients,
ordinary homogeneous differential equations. In this Note
these methods will be applied to examine the stability of a
model reference adaptive control system having sinusoidal
input.

In recent years model reference adaptive control systems
have proved very popular, particularly for practical applica-
tions to devices such as auto-pilots where rapid adaptation is
required. The basic idea is shown in Fig. 1. The input
6i(t) to the system is also fed to a reference model, the output
of which is proportional to the desired response; the outputs
of the model and system are then differenced to form an
error

e(t) = d)
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Since the error is to be zero when the system is in the optimum
state it is used as a demand signal for the adaptive loops which
adjusts the variable parameters in the system to the desired
value.

Various methods of synthesizing the adaptive loops have
been proposed but the one that has proved most popular was
that developed by Whittaker et al.2 at the Massachusetts
Institute of Technology and referred to as the "M.I.T." rule.
Here the performance criterion is taken as the integral of
error squared and a heuristic argument is given for reducing
this over an unspecified period of time. This leads to a rule
that a particular parameter Ki should be adjusted so that

Ki — —Ge(de/dKi) (2)
where G is the constant gain.

Although the "M.I.T." rule results in practically realizable
systems, mathematical analysis of the adaptive loops, even
for simple inputs, prove to be very difficult and it is usual in
the design process to carry out much analogue computer
simulation. The system equations are nonlinear and non-
autonomous and since the nonlinearity is of the multiplicative
kind, the mass of theory on instantaneous nonlinearities
associated with the names of Lure and Popov, in particular,
is not applicable. In order to point out some of the difficul-
ties we shall consider a simple first-order system having si-
nusoidal input.

Adaptive Control System

Since the intention, as previously mentioned, is to point
out the difficulties involved in a stability investigation of a
model reference adaptive control system, a simple first-
order system with controllable gain will be considered.

Consider a model and system to be governed respectively
by the equations

(3a)

(3b)
TBm(t) + em(t) = KBi(t)

T6s(t) + 08(t) = KvKc6i(t)
where a dot denotes differentiation with respect to time t; the
time constant T and model gain K are constant and known,
but the process gain Kv is unknown and possibly time varying.
The problem here is to determine a suitable adaptive loop
to control Kc so that KVKC eventually equals the model gain
K. The "M.I.T." rule gives

Kc = - (4)

where B = GKV/K, and this leads to the scheme of Fig. 2.
If a sinusoidal input of magnitude R sincd is applied at

t = 0, when Qm(t), 6s(t) are zero and KvKe ^ K and if subse-
quently Kv remains constant but Kc is adjusted according
to Eq. (4), then using Eqs. (1, 3 and 4) the system equations
become

Te(t) + e(t) = (K - KVKC)R sinco* (5a)

Kc = Be(t)6m(t) (5b)
Now consider that the adaption is switched on when the

model response 6m(t) has reached its steady-state value 6ms(t)
given by

0m.(0 = [KR/(l + T2co2)](sincd - Tco cosed)

Fig. 1 Model reference adaptive control system.


